A graph is Q-integral if the spectrum of its signless Laplacian matrix consists entirely of integers. In their study of Q-integral complete multipartite graphs, Zhao et al. [Linear Algebra Appl. 438 (2013), 1067-1077] posed two questions on the existence of such graphs. We resolve these questions and present some further results characterizing particular classes of Q-integral complete multipartite graphs.
Introduction
The study of graphs, whose spectrum of adjacency matrix consists of integers only, was initiated in a seminal paper by Harary and Schwenk in 1974 [1] . The results published up to 2002 have been surveyed in [2] , while it should be noticed that more than a hundred new studies of integral graphs appeared in the last ten years, and that an updated survey of integral graphs is apparently due.
For a simple, undirected graph G, the signless Laplacian matrix of G is defined as Q(G) = D(G) + A(G), where D(G) is the diagonal matrix of the vertex degrees in G and A(G) is the adjacency matrix of G. A graph G is called Q-integral if the characteristic polynomial of Q(G) has integer roots only. The Q-integral graphs were much less studied than integral graphs. Two simplest classes of Q-integral graphs are the complete graphs K n , with n ≥ 2, having the Q-spectrum [2n − 2, (n − 2) n−1 ], and the complete bipartite graphs K m,n , with m, n ≥ 1, having the Q-spectrum [m + n, n m−1 , m n−1 , 0] (see [3] ). By a computer search it is further established in [4] that there are exactly 172 $ Supported by the research grant 174033 of the Serbian Ministry of Science and Education, the research programme P1-0285 and the research project J1-4021 of the Slovenian Agency for Research, and the Slovak-Serbian bilateral project 680-00-140/2012-09/15.
Email addresses: mpokorny@truni.sk (Milan Pokorný), phic@truni.sk (Pavel Híc), dragance106@yahoo.com (Dragan Stevanović) connected Q-integral graphs with up to ten vertices. In [5] it was proved that there are exactly 26 connected Q-integral graphs with maximum edge-degree at most four, with some partial results obtained for graphs with maximum degree five as well. The classes of Q-integral graphs obtained by the use of the join of regular graphs have been studied in [6] and, among others, all Q-integral complete split graphs have been identified there.
A few infinite series of graphs having integer adjacency, Laplacian and signless Laplacian spectra have been constructed in [7] , while semi-regular, bipartite Q-integral graphs have been considered in [8] .
When it comes to the complete multipartite graphs, which in the case of integer adjacency spectrum have been the subject of earlier research [9, 10, 11] , Yu et al [12] showed that the Q-characteristic polynomial of a complete multipartite graph K p1,...,pr with n = p 1 + · · · + p r vertices, is equal to
If p 1 , . . . , p s denote all the distinct integers among p 1 , . . . , p r and a i , i = 1, . . . , s, denotes the multiplicity of p i in the family p 1 , . . . , p r , then K p1,...,pr will also be denoted by K a1·p 1 ,...,as·p s . Zhao et al [13] have studied the question when K a1·p 1 ,...,as·p s is Q-integral and, in particular, paid much attention to the cases s = 2 and s = 3. They have finished their study with two questions that we answer affirmatively here. 
The paper is divided into sections according to the value of s for studied complete multipartite graphs. In Section 2 we characterize a few particular classes of Q-integral complete multipartite graphs with s = 2 that were not considered by Zhao et al [13] . In Section 3 we give two infinite classes of Qintegral complete multipartite graphs with s = 3, one of which also satisfies a 1 = a 2 = a 3 = 1, hence affirmatively answering Question 4.2. In Section 4 we give another infinite class of Q-integral complete multipartite graphs with s = 4 and a 1 = a 2 = a 3 = a 4 = 1, as well as examples of Q-integral complete multipartite graphs with s = 5 and s = 6, hence affirmatively answering Question 4.1 as well.
2. Characterization of some Q-integral complete multipartite graphs with s = 2
From (1) it follows that
showing that K a·m is Q-integral for every a, m ∈ N.
Recall that the join G 1 G 2 of graphs G 1 and G 2 is obtained from the union of G 1 and G 2 by adding all possible edges joining a vertex in G 1 with a vertex in G 2 . The following theorem from [6] gives a sufficient and necessary condition for the join of two Q-integral regular graphs to be Q-integral.
Theorem 1 ([6] ). For i = 1, 2, let G i be a r i -regular graph with n i vertices. The join G 1 G 2 is Q-integral if and only if both G 1 and G 2 are Q-integral and
Since K a·m,b·n = K a·m K b·n , Theorem 1 applied to K a·m,b·n yields
is a perfect square.
The pairs of m and n satisfying the condition from the previous corollary can be easily characterized for small values of a and b. In particular, for a = b = 2 we immediately have 
Proof. From Corollary 2, the necessary and sufficient condition for K m,m,n to be Q-integral is that, for some integer r,
This is equivalent to (n+4m) 2 = r 2 +16m 2 , showing that r, 4m and n+4m form a Pythagorean triple. By Euclid's formula (see, e.g., D.E.Joyce's web version of Euclid's Elements, Book X, Proposition 29 available at http://babbage.clarku.edu /˜djoyce/java/elements/bookX/propX29.html), then there exist integers k, p and q such that either
Corollary 5. K m,m,m,n is Q-integral if and only if there exist integers k, u and
Proof. Corollary 2 yields that the necessary and sufficient condition for K m,m,m,n to be Q-integral is that, for some integer r,
Adding 3(m − n) 2 to both sides yields
which is an instance of a more general Diophantine equation
Let k = gcd(a, c). If k > 1, then k 2 |3b 2 and, since 3 is square-free, k|b as well, so that we may divide all terms in (4) by k 2 to get solutions a = a/k and c = c/k with gcd(a , c ) = 1. Suppose, therefore, that gcd(a, c) = 1. From 3b 2 = (c − a)(c + a) and the fact that gcd(c − a, c + a) ∈ {1, 2}, depending on whether c and a are of the different or the same parity, the following four cases are possible:
Since c and a are of the different parity, both u and v have to be odd.
2 )/2. Since c and a are of the different parity, both u and v have to be odd.
and a are of the same parity. Then a = v 2 − 3u 2 , b = 2uv and c = 3u
and a are of the same parity. Then a = 3v 2 − u 2 , b = 2uv and c = u 2 + 3v 2 .
All solutions (a, b, c) of (4) are then obtained by multiplying the solutions from Cases (i)-(iv) by an arbitrary integer k. Back to the original condition (3) with b = m − n and c = 2m + 2n, Cases (i) and (ii) yield
while Cases (iii) and (iv) yield
Since the first set of (m, n) pairs properly contains the second set, we conclude that K m,m,m,n is Q-integral if and only if m = k(u + v)(3u + v)/8 and n = k(u − v)(3u − v)/8 for some integers k, u, v.
Infinite classes of Q-integral complete multipartite graphs with s = 3
We performed a computer search for Q-integral complete multipartite graphs with s = 3 in two classes of such graphs: K p1,p2,p3 and K 2·p1,p2,p3 . There are quite a few Q-integral graphs among them: 312 Q-integral graphs K p1,p2,p3 with 1 ≤ p 1 < p 2 < p 3 ≤ 10 000, and 539 Q-integral graphs K 2·p1,p2,p3 with 1 ≤ p 1 < p 2 < p 3 ≤ 1 000. The parameters and Q-spectrum for several of these Q-integral graphs are given in Tables 1 and 2 . It is easy to spot a pattern among the parameters of Q-integral K 2·p1,p2,p3 from Table 2 . (2) , 151] 4 10 28 [6, 18 (27) , 32, 36 (9) , 38, 42 (6) , 62] 4 19 55 [6, 27 (54) , 62, 64 (18) , 74, 78 (6) , 104] 4 31 91 [6, 39 (90) , 99 (30) , 104, 122, 126 (6) , 158] 5 27 90 [7, 37 (89) , 100 (27) , 117, 122 (8) , 157] Theorem 6. The graph K 2·2k,r,3r−k is Q-integral if one of the following conditions holds:
2 ) for k , s ∈ Z;
(ii) k = 48k , r = k (15 + 4s 2 ) for k , s ∈ Z;
(iii) k = 3k and r = k (4s 2 ± s + 1) for k , s ∈ Z;
If k is square-free, then K 2·2k,r,3r−k is Q-integral if and only if one of the above conditions holds.
Proof. Let n = 3k + 4r. The Q-characteristic polynomial of K 2·2k,r,3r−k , by (1), has the form
where
Hence, K 2·2k,r,3r−k is Q-integral if and only if B(x) has integer roots only. After replacing n = 3k + 4r, B(x) simplifies to
showing that B(x) has integer roots if and only if the discriminant of a quadratic factor (7k + 8r)
If k is square-free, then from k|m 2 follows k|m, i.e., m = km holds. Let us, therefore, suppose that m = km for m ∈ Z. If m = 2s is even, then
48 .
Since 15 + 4s
2 is odd, it may not be divisible by 16, so for r to be an integer, k has to be divisible by 16. If s = 3s , then r = k (5 + 12s
2 ) for k = 16k , yielding the condition (i). If s is not divisible by 3, then k has to be of the form k = 48k , so that r = k (15 + 4s
2 ), yielding the condition (ii). If m is odd, then it has the form m = 8s ± 1 or m = 8s ± 3 for s ∈ Z. If m = 8s ± 1, then
from where either 3|k or s = 3t ± 1 for t ∈ Z. If k = 3k , then r = k (4s 2 ± s + 1), yielding the condition (iii). If s = 3t ± 1 for t ∈ Z, then r = k(12t 2 ± 9t + 2), yielding the condition (iv).
If m = 8s ± 3, then
, from where either 6|k or 2|k, 3|s. If k = 6k , then r = k (8s 2 ± 6s + 3), yielding the condition (v). If k = 2k and s = 3s , then r = k (24s 2 ± 6s + 1), yielding the condition (vi).
A bit more effort reveals a barely noticeable pattern among Q-integral complete tripartite graphs. Recall that the Fibonacci numbers are defined by the recurrence relation F n = F n−1 +F n−2 , n ≥ 2, and the initial values F 0 = F 1 = 1.
Theorem 7. The complete tripartite graph
Proof. Let s = F 2n and p 1 = (s 2 − s)/2, p 2 = (s 2 + s)/2, p 3 = s 2 − 1 and n = p 1 + p 2 + p 3 = 2s 2 − 1. The characteristic polynomial of Q(K p1,p2,p3 ) is, by (1), equal to
The polynomial
has integer roots only, so we focus further to
Substituting the values of p 1 , p 2 , p 3 and n, we get
showing that
is an integral root of P (Q(K p1,p2,p3 ), x). The roots of
2 are further equal to
It is easy to show that 5F 2 2n − 4 is a perfect square. First, we show that
by induction on n. For n = 1, this reduces to F 2 2 − 1 = 3 = F 3 F 1 . Assuming that the equality F 2 2n − 1 = F 2n+1 F 2n−1 holds for a particular n ≥ 1, we have
If we now multiply (5) by four and add with
Hence, the remaining two roots of P (Q(K p1,p2,p3 ), x) are integers equal to
Q-integral complete multipartite graphs with s ≥ 4
We performed a computer search for Q-integral graphs K p1,p2,p3,p4 , with p 1 < p 2 < p 3 < p 4 , p 1 ≤ 100 and p 4 ≤ 1000, and found 46 such graphs. In Table 3 we list the parameters and Q-spectrum of those graphs, whose parameters are not the multiples of parameters of smaller such Q-integral graphs. A careful observation of these parameter sets shows that {15, 25, 36, 60}, {30, 81, 100, 270} and {51, 144, 289, 816} are all instances of {3a, a 2 , 9b 2 , 3ab 2 } for particular values of a, b ∈ Z.
Let n = 3a+a 2 +9b 2 +3ab 2 . The Q-characteristic polynomial of K 3a,a 2 ,9b 2 ,3ab 2 , by (1), has the form
which, after replacing n = 3a + a 2 + 9b 2 + 3ab 2 , becomes
Hence, K 3a,a 2 ,9b 2 ,3ab 2 is Q-integral if and only if the discriminant of the quadratic factor above
Third, we found an example of Q-integral complete multipartite graph with s = 6 as well:
K 44·6, 107·10, 24·13, 50·19, 25·24, 53·33 , which has [9847, 4932, 4921, 4915, 4901, 4889] as the nontrivial part of its Qspectrum.
Conclusions
We can now see that both questions of Zhao et al. [13] Tables 1  and 3 . All these results suggest that Q-integral complete multipartite graphs are likely to exist for an arbitrarily large s, regardless of the condition that all a i 's be equal to one.
At the end, we have to note that the same authors have published another paper [14] in which they studied the Seidel spectrum of the complete multipartite graphs, where the Seidel matrix S(G) of a graph G is defined as S(G) = J − I − 2A(G), with J and I being the all-one and the unit matrix, respectively. In particular, they obtained that the Seidel characteristic polynomial of K p1,...,pr is P (S(K p1,...,pr ), x) = (x + 1) Hence, S * (x) has integer roots if and only if Q * (x) has integer roots or, in other words, a complete multipartite graph is Seidel integral if and only if it is Q-integral. Therefore, our results from previous sections give a partially affirmative answer to Question 4.1 and an affirmative answer to Question 4.2 from [14] as well.
